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| 3;7;;/ Residue Method

In this method, we obtain, inverse -
2 ’ z-transform x [n], b : !

'] at all poles. Mathematically, this may be exprgsge 4 zs summing regulues of

X(2)Z"
x(n)= Z residues of (X(z) 2] ..(3.46)
all poles '
& X(@) ‘
{ 4 Here, the residue for any pole of ordermatz=p1s
(347

! _Lim {ﬂ;_[(z -p)" X(z).z“'lﬂ

Residue = mﬁﬁ az"

/ verse z-transform, x (n) for

Use residue method to find the in
z

.. S
X(2)= z-1)(z=2)
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Digital Signal Processing

Solution: The given transform is

X(z) =

z
(z-1)z-2)

X(z) has two poles of orderm =Iatz=1and at z 2

We can obtain the corresponding residues as ahead

For polesat z=1

~.
1 —Lim 3 (2\1)
Residue = 7 01 2ot dz° ‘zt 1)(z =)
(-0
A
or Residue = L"}l 7L
=AY
or Residue = -1

Similarly, for polesatz=2

1
ReSidue = O' I;_lgl dz
(4-9

Residue = 2"

Hence, x(n) = {—l +2".u [n]

,,7,

"Y/‘) 7/ «,»IZ*»

(Z 2) m}} .

z =4 " r‘}”.'\ M"! kﬁ A
3 Z = L &, B e §OI513
= Lim{ —2z"" [=22"" A o
22| z—1] = P
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myﬁ ]

Obtain the INverse s-transform of
(=1 +az)zl”!
garithmic series expansion, We have

._..xz +-—-x3....

14+X) =%
lﬂ("‘x)xz 3

al

Solution : According t0 lo
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Digital Signal Processing

Therefore, X(z)=Mn(1+ az™')
Simplifying, we have

TR
X(z) =az_“'l—él-(az")2 +§(az )

I 5 2. 1 3 3
=az"—~a222+3—ajz

Taking inverse z-transform, we obtain

O,a,——l—az,la3,
x(n)=¢ 2 3 Ans.

g
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he’ inverse z-transform of
NigottE rOC: 1273
' (z-1)(z-3)
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Digital Signal Processing

Solution \
X(z) 2 +z e o} Fw.;(.(l»‘: e F}WJJ ™M = ,3 Md‘-’(
z  (z-1)z-3)

Converting the above improper rational function (- M =N) into sum of a congtay, and,
proper rational function we get

M=1+ 5z-3
z (z-1)(z-3)

The rational expression can be expanded by Partial fraction expansion

(z=-1)(z-3) z-1 z-3

where
R (5z-3) -1
=(z )(z IXz-3)|,.,
(5z-3)
C,=(z-3)————
2= e,
Therefore
X _, 1, 6
Z z-1 z-3
X(Z)=z.___.z__+£
z-1 z-3

Taking Inverse z-transform on both sides we get

x(n)=58(n+1)—u(n)+6(3)"u(n)

UseWﬁZmethod to find the inverse z-transform of

z
X(z)=—-——-—(z_2)(z_3) |Z]|<2
Solution :

In this case there are two poles z =3 and z = 2 outside the ROC | z| < 2, 50 the
sequence is non causal.

Forn<0

b
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. 2’ +z
Find the inverse z-transform of (2)= (z-1)(z=3)’

ROC : | z|> 3. Using (a) Partial

fraction expansion method (b) Residue method (c) Convolution Method.

Colutinn
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Find the system function, H(z) and upit-‘sample.response h(n) of the system whose
difference equation is described as under :

y(n>=21y(n-1)+_2x(n)
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The 2-Transform
where y(n) and x(n) are the output and input of the system, respectively.
Solution : The given difference equation is

y(n) =%y(n—l)+2x(n)

Taking the z-transform of above difference equation, we get

y(z) = %z"Y(z)+2X(z)

1
or Y(Z)[l-—z"]zﬂ((z) : _ |
2 Herte N ) - 'u,yqi,,ém.lﬂwa_ﬁ S CV\)
Y(z) 2 - -
H = — o a )
or 2) X(z) ]_lz-l %LT’) A [ 5 ( ") J - ;!
# 2 Seselp » ""’:\""'V“"{ e JUuApenice Y (."‘ ) A (“),

1
This system function has a pole at Z=— and zero at z= 0.

2
» ¢ (S
H(z) = - c A Yallr -!t-" WV ffff"t L
l= L) z™! N I
Also,
=} 2
h(n) = Inverse z-transform of H(z) =2 1
l-=2z"
.y 2
1 n
o, h(n)= Z[EJ u(n)
This is the unit-sample response of the system. Ans.
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Determine the causal signal x(n) having the z-transform

1
(1-2z27)(1-2")?

X(z) =
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Determine the impulse response and the step response of the following causal system.
Determine it is stable or not.

¥() = >y(n- 1)—§y(n—2)+x(n>
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m Digital Signal Processing
Solution

y(n) = %y(n - 1)—81y(n -2)+x(n)

Inpulse response means x(n) = 6(n), here y(n) = h(n)
Applying Z - transform to equation (1),

Y(2)= %Z"Y(z) - %z'zY(z) +X(2)

:Y(z)[l—g-z+§z'2]=}((z)

- Y(2) _ 1 3
X(2) I 3 1
-—Z -2
4 8
82°
=>H(z)=-———
(@) 82 -6z +1
:>H(z)___ 8z
z 8z2°-6z+1
_ 8z
(2z-1)(4z-1)
A B
— -
1z-1 4z-1
_ 8z sd, o
4z~1],.1
2
Beelll =2
2z-1]..1
4
H 4 4
@ =1+(2)= 4z 4z

z  2z-1 4z-1 22-1 4z-1

o e

For step response, x(n) = u(n)
Z

:‘X(Z)z--_._
z-]
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The z-Transform '

So Y(2) = H(z) X(z)

=[ 4z _ 4z 7
2z—-1 4z-1|z-1

_ 8z°
(z-1D2z~1)4z~1)

_Y(@) _ 8z
z  (z-1)Qz-l)4z-1)
_A . B

+
z-1] 22—-1 42._1

A= L | :E
(2z-1)(4z-1)|,_, 3

- 8z |
(z-D(@dz-1D)], 1
2
=3
2
166
4 \2
_l6
3
8 z 2z 4 4z
=— -4 +—
So Y@ =3 0 % 1 T3

ot {3

Example 3.55

We want to design a causal discrete-time LTI system with the property that if the input

1S.
n n-I|
oo 44 e

then the output is
l n
y(n) = (5) u(n)
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Digital Signal Processing

(a) Determine the impulse response h(n) and the system function H(z)m
satisfies the foregoing conditions, 1

(b) Find the difference equation that characterizes this system.

(c) Determine if the system is stable.
Solution :

X(n) = (—I—Jau(n) —-l—(-l—)nqlu(n-— 1)
2 4{2

(n) *(i)nuw)

e 3

X(2)= 11 e g ]1
1-—z" 4 1-—z"!
2
_ 2z _1
T 2z-1 22z-1
)
4z \ o
T 2(2z-1) . LT i
y(z) = v 3t
Y@=
751 ¢
Y(2)
(a) H(z)_x(z)
6z(2z-1)

" (3z- (dz-1)

H(z)  6(2z-1)
® 77 " Gz-D@z-1)

A " B
3z-1 4z-1

_6(2z-1)
B 4z—1 La"
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\ The z-Transfo

Y.z D=
3
B=6(22—1)
3z-1 .
i
6(11
_\2)
-1 =12
2
-6z 12z
H
) 3z-1 +4z_] Ans (a)
h o 2 1 i 1 4 Y
- (n)——,-3— u(“)+3Z u(n) Ans (a)

_Y(2) _ 6(2)(2z-1)
®) H== X(z) (3z-1)4z-1)

Y(z) 122’ -6z
X(z) 122 -7z+1

—1222Y(2) - 72Y(2) + Y(2) = 122* X(2) - 62X(2)

So difference equation is,
12y(n +2)=7y(n+ 1) +yn)=12x (n+ 2)-6x(n+1)

(©) Y. Ih(n)
1
=-~2—1-1—+3——-—1-
-2 1=y
=|-3+4|=1<

so it is a stable system.
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